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Displacement responses of a bridge as a result of external loadings provide crucial information regarding structural integrity and
current conditions. Due to the relative characteristic of displacement, the conventional measurement approach requires reference
points to firmly install the transducers, while the points are often unavailable for bridges. In this paper, a displacement estimation
approach using Kalman filter-based data fusion is proposed to provide a practical means for displacement measurement. The
proposed method enables accurate displacement estimation by optimally utilizing acceleration and strain in combination that
have high availability and are free from reference points for sensor installation. The Kalman filter is formulated using a state-space
model representing the double integration of acceleration and model-based strain-displacement relationship. The validation of
the proposed method is conducted successfully by a numerical simulation and a field experiment, which shows the efficacy and
accuracy of the proposed approach in bridge displacement measurement.
1. Introduction
Structural health monitoring (SHM) has been considered
as an essential procedure for the sustainability of bridges
which are the national assets supporting reliable and efficient
operation of our society. Technology advances in SHM
research have expanded beyond theoretical development
and laboratory-scale verification to real-world applications
[1–3]. SHM is generally composed of three processes: (1)
acquisition of structural responses and environmental fac-
tors, (2) assessment of structural condition based on the
measurement, and (3) maintenance action when required
based on the assessment. Because the first task builds the
foundation of the whole SHM procedure, data acquisition is
a key component for successful SHM. Before acquiring the
structural responses, the types of physical quantities to be
monitored are determined priorly with considering neces-
sity and availability of responses. The availability generally
includes the accuracy, accessibility, convenience, and cost in
the measurement.
Acceleration and strain are the most widely measured
responses for the SHM due to their high availability. Accel-
eration is generally sensitive in measuring dynamic charac-
teristics of a large structure with high convenience in the
installation, and strain can be directly converted into current
stress condition resisted by the instrumented structural
member.Though acceleration and strain possess themajority
of the measured responses for the SHM, other responses are
often required in practice with specific purposes, including
displacement [4–6], inclination [7], structural impedance [8],
and pH [9].
Displacement is an intuitive response generated by exter-
nal forces applied to a structure. Displacement has been
used as a practical measurement that indicates structural
stability and soundness. Indeed, a variety of modern design
codes adopt limit displacement levels under given loadings to
assure structural safety. For example, Korea and the US limit
maximum deflections of vehicular bridges up to 1/800 of the
bridge span length [10, 11] and Canada uses the maximum
deflection and the first natural frequency for the evaluation of
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pedestrian bridges [12]. The practical usage of displacement
in the design has been extended to various efforts to use it in
the SHM of full-scale civil engineering structures [13–15].
Despite the intuitional characteristic and high demands
in practice, displacement has not been as popular as accel-
eration and strain. Displacement is a relative measurement
whose transducer must be placed between a measurement
point and a stationary reference point.The sensor installation
on bridges is often challenging because bridges are generally
constructed over a road, a river, a swamp, or a sea, where a
proper reference point is difficult to find. Though a number
of noncontact transducers have been developed to resolve
the issue, such as global positioning system (GPS) [16–
18], LASER-based transducer [19, 20], and computer vision
system [21–24], they are still unpopular due to the high cost
and synchronization issues when densely deployed.
A noticeable alternative is indirect estimation approaches
that convert other structural responses to displacement based
on their physical relationships. The convertible responses
include acceleration [25–27], strain [28–31], and inclination
[32]. Knowing the fact that these responses can be mea-
sured without the reference point, the indirect estimation
approaches have quite strong potential to be widely used in
field applications. However, the indirect methods generally
suffer from the low accuracy due to numerical errors and/or
imperfect physical relationships. For example, the conversion
of acceleration to displacement involves large low-frequency
drift errors occurring in a numerical integration [25]; the
conversion of strain exhibits errors due to an assumed
mapping model between strain and displacement [31]. Thus,
the indirect estimation approach has not been commonly
accepted in the SHM field yet.
The accuracy enhancement can be achieved by employ-
ing multimetric (i.e., a heterogeneous mixture of multiple
responses) data based on the data fusion model, as recently
reported in [33–36]. The synergic usage of multimetric data
minimizes the drawback of each sole response as observed
in the indirect displacement estimation methods in the
literature. Roberts et al. reported that the conversion of
acceleration could be enhanced by referencing displacement
measured by a high-precision GPS in the Kalman filtering
[37]. Another effort for employing multimetric data is a
data fusion method that uses acceleration and strain in
combination [38–42]. The method has showed significantly
improved accuracy, though a low-frequency noise in strain
measurement still brings undesired errors in the estima-
tion. In the aerospace engineering field, the Kalman filter-
based data fusion has been actively studied for the accuracy
enhancement of vehicle attitude and position assessment [43,
44], autonomous navigation of unmanned vehicles [45, 46],
and indoor positioning [47, 48]. Many of them are available
on the market by the company such as Trimble Navigation
Limited [48] and SBG Systems [49].
In this paper, a Kalman filter-based indirect estimation
method is proposed for convenient but accurate measure-
ment of displacement on bridges. The proposed method uses
both acceleration and strain, which have the highest availabil-
ity on bridges without the reference point issue. Furthermore,
acceleration and strain have sensitivity in relatively high- and
low-frequency range, respectively; the fusion of acceleration
and strain accurately estimates displacement in a broad
frequency region by taking the synergic effect. The Kalman
filter has been selected as the data fusion model due to its
high reliability and versatility. Amathematical formulation of
the Kalman filter for the displacement estimation is presented
based on the double integration of acceleration and modal-
mapping of strain. The performance and efficacy of the pro-
posed method are validated in a numerical simulation using
a simply supported beam model and further investigated
in a field experiment on a single-span prestressed concrete
bridge.
2. Formulation for Displacement Estimation
Using Kalman Filter
This section provides amathematical formulation for the pro-
posed displacement estimation approach using the Kalman
filter to use acceleration and strain measurements in com-
bination. The fundamental idea of the proposed method is
to optimally extract necessary information for displacement
estimation from two different measurements, which the sole
use of eachmeasurement is not able to do. In general, acceler-
ation responses have rich information in the high-frequency
region, whereas strains are sensitive in the low-frequency and
static regions. The numerical double integration of an accel-
eration measurement yields the corresponding displacement
at the same position with accurate dynamic components,
while resulting in the large low-frequency drift. This error
can be compensated by introducing the strain-displacement
relationship, which generally does not involve the numerical
integration. Thus, selectively utilizing information contained
in each measurement can lead to accurate displacement
estimation in all frequency regions.
TheKalman filter for displacement estimation needs to be
carefully designed to enable such optimal selective filtering.
In this study, the formulation in [33] to fuse acceleration and
displacement sampled at different rates is modified to accom-
modate acceleration and strain measurements. The state-
space model for the acceleration-displacement relationship
can be written using the definition of acceleration, which is
the second derivative of displacement with respect to time,
as
[
?̇? (𝑡)
?̈? (𝑡)
] = [
0 1
0 0
] [
𝑥 (𝑡)
?̇? (𝑡)
] + [
0
1
] 𝑎 (𝑡) + [
0
1
]𝑤 (𝑡) ,
𝑢 (𝑡) = [1 0] [
𝑥 (𝑡)
?̇? (𝑡)
] + V (𝑡) ,
(1)
where 𝑥(𝑡), 𝑎(𝑡), 𝑢(𝑡), 𝑤(𝑡), and V(𝑡) are state variable, accel-
eration, displacement, and measurement noises associated
with acceleration and displacement, respectively. 𝑤(𝑡) and
V(𝑡) are random processes with the Gaussian distribution
with covariance of 𝑞 and 𝑟. Because all measured signals are
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discrete, a state-space model in the discrete-time domain is
desired. The discrete version of (1) can be written as
𝑥𝑘 = [
1 𝑑𝑡
0 1
] 𝑥𝑘−1 +
[
[
[
𝑑𝑡
2
2
𝑑𝑡
]
]
]
𝑎𝑘 + 𝑤𝑘−1
= 𝐴𝑥𝑘−1 + 𝐵𝑎𝑘 + 𝑤𝑘−1,
𝑢𝑘 = [1 0] 𝑥𝑘 + V𝑘 = 𝐻𝑥𝑘 + V𝑘,
(2)
where 𝑎𝑘, 𝑢𝑘 are themeasured acceleration and displacement,
respectively, and 𝑤𝑘 and V𝑘 are the corresponding noise
processes. The noise processes have the covariance matrices
defined as
𝑄 = 𝑞
[
[
[
[
[
𝑑𝑡
3
3
𝑑𝑡
2
2
𝑑𝑡
2
2
𝑑𝑡
]
]
]
]
]
,
𝑅 =
𝑟
𝑑𝑡
,
(3)
where 𝑑𝑡 is the sampling time.
The discrete-time state-space model in (2) and (3) is
then utilized to develop the Kalman filter for displacement
estimation. The measured acceleration is used to project the
state ahead via the transition matrix 𝐴 as
𝑥
−
𝑘
= 𝐴𝑥𝑘−1 + 𝐵𝑎𝑘,
𝑃
−
𝑘
= 𝐴𝑃𝑘−1𝐴
T
+ 𝑄,
(4)
where 𝑥−
𝑘
and 𝑥𝑘 are respective prior and updated state
estimates and 𝑃−
𝑘
and 𝑃𝑘 are respective prior and updated
error covariance matrices. Subsequently, the Kalman gain𝐾𝑘
is computed as
𝐾𝑘 = 𝑃
−
𝑘
𝐻
T
(𝐻𝑃
−
𝑘
𝐻
T
+ 𝑅)
−1
. (5)
The measured strain is then employed to update the estimate
with the Kalman gain obtained in (5):
𝑥𝑘 = 𝑥
−
𝑘
+ 𝐾𝑘 (𝛼𝑢𝑘 − 𝐻𝑥
−
𝑘
) ,
𝑃𝑘 = (1 − 𝐾𝑘𝐻)𝑃
−
𝑘
,
(6)
where 𝑢𝑘 is the displacement converted frommeasured strain
data and 𝛼 is an error correction factor for 𝑢𝑘 [38]. The
updated state yields the estimated displacement as
?̂?𝑘 = [1 0] 𝑥𝑘. (7)
This Kalman filter formulation for the displacement esti-
mation is based on the state-space model that describes
the definition of acceleration in the time updated in (4)
and the strain-displacement relationship in the measurement
update in (6). While the acceleration definition as the second
derivative of displacement is clearly seen in (4), the strain-
displacement relationship needs to be determined depending
on structures and measurement locations.
The conversion relationship from strain to displacement
can be obtained from a numerical model of a structure [28–
31]. Displacement and strain responses can be written in the
modal coordinates as
𝑢
̃
(𝑡) = ∑
𝑖
𝜙𝑖𝑞𝑖 (𝑡) = Φ𝑞
̃
(𝑡)
𝜀
̃
(𝑡) = ∑
𝑖
𝜓𝑖𝑞𝑖 (𝑡) = Ψ𝑞
̃
(𝑡) ,
(8)
where 𝑢
̃
and 𝜀
̃
are respective displacement and strain vectors;
𝜙𝑖 and 𝜓𝑖 are respective displacement mode shapes of dis-
placement and strain in the 𝑖th mode;Φ andΨ are respective
mode shape matrices of displacement and strain; 𝑞𝑖 is the 𝑖th
modal coordinate; and 𝑞
̃
is the modal coordinate vector. The
conversion relationship is obtained as
𝑢
̃
= ΦΨ
†
𝜀
̃
, (9)
where † denotes the matrix pseudoinverse. Given a finite
element model of a bridge, the conversion relationship in
(9) is readily available. One particular and common type of
bridges is a single-span bridge with homogeneous sectional
properties and simply supported boundary conditions. The
mode shapes can be reasonably assumed to be sinusoidal
functions, which allow (9) to be written as [31]
𝑢
̃
=
𝐿
2
𝑦𝜋
2
Φ
[
[
[
[
[
[
sin 𝜋𝑧1
𝐿
⋅ ⋅ ⋅ 𝑟
2 sin 𝑟𝜋𝑧1
𝐿
.
.
. d
.
.
.
sin
𝜋𝑧𝑛
𝐿
⋅ ⋅ ⋅ 𝑟
2 sin
𝑟𝜋𝑧𝑛
𝐿
]
]
]
]
]
]
†
𝜀
̃
, (10)
where 𝑦 is the location of the neutral axis, 𝑟 is the maximum
number of natural modes being used, 𝑧1, . . . , 𝑧𝑛 are the
locations of strain measurements, and 𝐿 is the beam length.
To compensate the inevitable discrepancy between physical
structures and the numerical model such as the finite element
model and the simple-beam model, the error correction
factor 𝛼 is employed. More detailed information regarding 𝛼
can be found in [38].
The proposed displacement estimation method has a
distinct advantage in accurate displacement estimation in
both low- and high-frequency regions with a minimized
noise floor. The displacement contained in the state estimate
in the time update of (4) inherits the frequency content of
the measured acceleration, which has rich information in
the high-frequency region. Estimated from the acceleration,
the displacement has a low-frequency noise floor, whereas
the large low-frequency drift is involved. The measurement
update in (6) is to compensate this low-frequency drift error
by employing the strain-displacement relationship. Thus,
the resulting displacement of the Kalman filter shall be
accurate in all frequency regions. In the following numerical
example, the performance of the proposed approach will be
verified regarding these aspects of accuracy in both time and
frequency domains.
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Figure 1: Beam model.
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Figure 2: Estimated and reference displacement at node 5: (a) time domain data, (b) close-up view of (a), and (c) frequency domain data.
Table 1: Beam properties.
Properties Values
Length 1.6m
Thickness 4 cm
Width 15 cm
Elastic modulus 206GPa
Mass density 7850 kg/m3
3. Numerical Validation
To validate the proposed displacement estimation method,
a beam model with a moving load shown in Figure 1 is
considered.The beam ismodeled as simply supportedwith 16
Euler beam elements, and its property is tabulated in Table 1.
The moving load is introduced to simulate truck loading
which is often used in bridge testing. The load moving at
the speed of 0.1m/s is designed to have a dynamic variance
in time using a normal distribution (mean: 10N, standard
deviation: 3N). Time histories of strain and acceleration
responses from the beam under the moving load are sim-
ulated at nodes 5, 9, and 13 shown in Figure 1. 5% and
10% RMS noise signals are introduced to acceleration and
strain, respectively. Displacement responses at the nodes are
also directly calculated from the beam model to verify the
accuracy of the estimation using acceleration and strain data.
The performance of the proposed method is evaluated by
comparing the estimated displacements with those obtained
by the strain-only method using the strain-displacement
relationship [28, 31] and the reference displacements. As
the simply supported beam is considered in this numerical
example, (10) is utilized to obtain the strain-displacement
relationship for the strain-only and the proposed methods. A
model error is introduced by intentionally using 2.6 cm as the
location of the neutral axis (i.e., 𝑦 of (10)), of which the true
location is 2 cm. As previously described, the error correction
factor 𝛼 to compensate this model error [38] is used in the
estimation process.
The comparison for displacements at nodes 5 and 9 is
shown in Figures 2 and 3, respectively. Figures 2(a) and 3(a)
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Figure 3: Estimated and reference displacement at node 9: (a) time domain data, (b) close-up view of (a), and (c) frequency domain data.
show that the displacements obtained by the strain-only and
the proposedmethod apparently agreewell with the reference
displacements. However, the close-up views (i.e., Figures 2(b)
and 3(b)) and the frequency domain data obtained (i.e., Fig-
ures 2(c) and 3(c)) obviously show that the proposed method
exhibits better performance in both the low- and high-
frequency regions. The close-up views (i.e., Figures 2(b) and
3(b)) from 9.5 to 11.5 seconds show that the proposedmethod
estimates the amplitude of the displacement (related to low-
frequency accuracy) more accurately than the strain-based
method. This is because of the intentional introduction of
erroneous neutral axis to simulate the possible model error to
develop the strain-displacement relationship. In the proposed
method, the error correction factor 𝛼, which is only available
when both acceleration and strain are measured together, is
used to calibrate the amplitude of displacement, whereas the
sole strain measurement does not allow calculating 𝛼. Mean-
while, the frequency domain data obtained by fast Fourier
transform (i.e., Figures 2(c) and 3(c)) shows that the noise
floor (related to high-frequency accuracy) of the proposed
method is lower than that of the strain-only method.
The quantitative estimation error, defined in terms of 𝑢𝑟
and 𝑢𝜀 as (11), is calculated for the obtained displacements
shown in Figures 2 and 3:
𝐸err (%) =
𝜎 (𝑢𝑟 − 𝑢𝜀)
𝜎 (𝑢𝑟)
× 100. (11)
The estimation errors 𝐸err of the proposed method are 7.4%
and 6.0% for the displacements at nodes 5 and 9, respectively.
These error levels can be considered to be reasonably low and
agree with the graphical observations from Figures 2 and 3.
4. Experimental Validation on a Test Bridge
The experimental validation of the proposed method is
carried out on the prestressed concrete bridge shown in
Figure 4. The bridge has a single span with four prestressed
concrete girders, and its span length is 11m. A truck of
28.93 ton is used to load the bridge. The truck runs on the
bridge with two different speeds: (1) 5 km/h and (2) 15 km/h.
The bridge is instrumented to measure the reference dis-
placement as well as acceleration and strain for the proposed
method. The reference displacements are measured by two
laser displacement sensors at Locations B and C marked in
Figure 4. For the proposed method, three strain gauges are
installed at Locations A, C, and D and two accelerometers are
placed at the same locations where the displacements are to
be estimated and compared with the reference displacements
(i.e., Locations B and C).
The displacements at Locations B and C are estimated
by the proposed method. The neutral axis of the bridge
is assumed to be 0.25m for (10), whose error is to be
compensated by the calibration factor 𝛼 as described in
Section 2. The displacements estimated at two locations
6 Journal of Sensors
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Figure 4: Prestressed concrete bridge under the truck loading and sensor configuration.
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Figure 5: Comparison of estimated and reference displacements (truck speed: 5 km/h): (a) displacements at Location B and (b) displacements
at Location C.
by the proposed method are compared with the references
measured by the laser displacement sensors in Figures 5 and
6 for both truck speeds. The estimated displacements show a
good correlation with the reference displacements for both
locations and both truck speeds. The errors are quantified
between 7.6 and 8.3% by (11) as tabulated in Table 2. As to
the location, the error is smaller at the center of the bridge
(i.e., Location C), which seems substantial considering larger
amplitude of the displacement at Location C. The errors are
not seriously affected by the different truck speeds, which
may infer different loading patterns. The errors are slightly
larger than those obtained in the numerical simulation (i.e.,
7.4% and 6.0%). Considering that the experiment is carried
out on a large structure, the errors evidently show the good
performance of the proposed method. Therefore, the pro-
posed method can obtain structural displacement with high
accuracy using highly available responses (i.e., acceleration
and strain), especially at the bridges where the conventional
displacement transducers are hard to be instrumented.
Table 2: Error measurements at Locations B and C.
Truck speed 𝐸est (%)
Location B Location C
5 km/h 8.33 7.85
15 km/h 8.00 7.63
5. Conclusions
In this paper, a Kalman filter-based approach using mul-
timetric responses (i.e., acceleration and strain) that have
reference-free nature was proposed for indirect displacement
estimation of bridges. The formulation of the Kalman filter
was constructed using a state-space model representing
the double integration of acceleration and model-based
strain-displacement relationship. The validation was carried
out successfully by a numerical simulation and a field
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Figure 6: Comparison of estimated and reference displacements (truck speed: 15 km/h): (a) displacements at Location B and (b)
displacements at Location C.
experiment. The results of the validation can be summarized
as follows:
(1) In the numerical simulation, the proposed method
estimated the nonzero-mean displacements at two
locations with good agreement to the reference dis-
placements in both time and frequency domains.The
quantitative estimation errors at two locations are 7.4
and 6.0%.
(2) In the experimental test on the prestressed concrete
bridge, the proposed method estimated the displace-
ments excited by a truck with the quantitative estima-
tion error between 7.6 and 8.3%. The slightly larger
errors than those from the numerical simulation
evidently showed good performance of the proposed
method on real full-scale bridges.
(3) The errors were not affected by the truck speeds
(representing loading patterns) but amplitude of the
displacement.
(4) The proposed method is expected to be advantageous
for bridge structures where the reference points to
stably locate conventional displacement transducers
are unavailable.
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